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MOTION ON THE SPRINGS OF A CARRIAGE BODY. 109 MOTION ON THE SPRINGS OF A CARRIAGE BODY. 109 

19. It is usual in a mathematical investigation of damping to assume that 
the friction in a small oscillation is represented by a term proportional to 
the relative velocity of slipping, as this assumption makes the analysis 
tractable, and it gives a good representation of the facts, provided the 
relative velocity is low. 

The damped vibration is then represented by a periodic term of which the 
amplitude is qualified by a factor decreasing at compound discount, and 
Naperian logarithmic decrement is the name given to one-hundredth of the 
rate per cent per period of vibration at which the amplitude of vibration 
diminishes at continuous compound discount. 

In a graphical representation the effect is to change the circle in Fig. 2, 
p. 392, Math. Gazette, into an equiangular spiral, as explained in Maxwell's 
Electricity and Magnetism, ? 731. 

20. Consider a symmetrical motor car, where the four wheels are equal for 
interchangeability, and a,=a2= a, going slowly over the crest of a road of 
two equal inclines sloping at angle a, and meeting in a ridge, say over an 
old canal bridge. 

As the front wheels pass over the ridge, the c.G. of the car will proceed to 
describe an ellipse, with horizontal and vertical axis 2h + a cot a, 2h - a tan a. 

Thus, if h= la tan a, the C.G. will advance in a horizontal line for a distance 
a(tana+cota)=2acosec2a; and if /e < a tana, the car can remain on the 
crest in stable equilibrium, and requires to be drawn off. 

Conversely at a dip in the road. 
Going fast up the incline at full speed S m.p.h., the front wheels would leave 

the ground at the ridge; and treating the car as a particle, it would proceed 
to describe a parabola, and lose contact with the road for a length 

0'09S2 sin a yards, and for 0'18Ssin a seconds, 
and come down again at one in ? (cot a +3 tan a) with the ground. 

Up and down one in 20, for instance, at 30 m.p.h., the car will leap 
1'8 yards in 0'18 second, and come down on the ground at one in 10. 

G. GREENHILL. 

THE DISSECTION OF RECTILINEAL FIGURES. 

BY W. H. MACAULAY, M.A. 

(Concluded.) 

ANOTHER function of the pentagon dissection, Pig. 19, is to provide, 
by means of an additional cut in each pentagon, an eight-part type of dis. 
section of a pair of quadrilaterals. This, which I will call the first type of eight- 
part dissection of quadrilaterals, is shown in Fig. 24. The dissection of the 
pair of quadrilaterals is shown in full lines, and dotted lines are added to show 
a pair of auxiliary pentagons, the lettering being the same as in the previous 
figures. A dissection of the pair of pentagons is shown, and there is an 
additional cut in the first pentagon joining T to the middle point X of the 
base AB, and an additional cut in the second pentagon joining W to the middle 
point Y of the base CD. The other new lines shown in the figure are merely 
consequential on the formation of a pair of quadrilaterals by means of these 
two cuts. There is no relation between the dimensions of the quadrilaterals 
except the equality of their areas. Each quadrilateral is divided by six lines, 
two or more of which are broken; four of these lines are half sides of the other 
quadrilateral, and the other two are half diagonals, one of one quadrilateral 
and the other of the other quadrilateral. When there are eight parts, as shown 
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in Fig. 24, two lines in each quadrilateral are broken, so that each is made up 
of two parallel portions. A dissection of this type with, when necessary, 
more parts and more broken lines, is applicable to any pair of quadrilaterals 
of equal area (excluding quadrilaterals whose sides cross). The dissection 
depends, as before, on the existence of the identical parallelograms HLNG and 
JKMO; each has one side equal to a half diagonal of one quadrilateral, and 
another side equal to a half diagonal of the other quadrilateral, and area equal 
to half that of a quadrilateral. So the question of the universal applicability 
of the dissection depends on whether it is always possible to construct such 
a parallelogram, which I will call, in order to give it a name, a "joint 
parallelogram." Any one joint parallelogram implies the existence of another 

' F 

FIG. 24. 

one, namely, one with the same sides, but with acute and obtuse angles 
interchanged. There are exceptional cases in which these parallelograms 
coincide, each being a rectangle; so for the purpose of counting, let us either 
disregard rectangles, or count a rectangle as two coincident parallelograms. 
Let us also, for the purpose of counting, suppose the lengths of the diagonals 
to be all different. We can certainly find a joint parallelogram for any given 
pair of quadrilaterals, for all that we have to do is to combine the longest of 
the four diagonals with either of the diagonals of the other quadrilateral. 
In this way we get four joint parallelograms in every case; and we get four 
more, that is to say, eight altogether, if one of the quadrilaterals has both its 
diagonals longer than either diagonal of the other; this is the greatest possible 
number. If the quadrilateral which has the longest diagonal has also the 
third in order of magnitude, we get either six or eight joint parallelograms. 
If one quadrilateral has the longest and the shortest diagonal, we get either 
four or six or eight. In any case the number can be found at once if the 
lengths of the diagonals and the area of the quadrilaterals are given. It 
should be noted that four different pairs of pentagons can be formed by 
cutting the quadrilaterals along the lines AX and DY, but that these all give 
the same dissections of the quadrilaterals; accordingly, the number of 
distinct dissections derivable from a joint parallelogram is eight. Thus a 
pair of quadrilaterals possesses either 32 or 48 or 64 distinct dissections of 
the type in question, according to whether the number of joint parallelograms is 
four or six or eight. It is possible for a large proportion of these dissections 
to have eight parts, but I do not know how many. In the case of the pair of 
quadrilaterals shown in Fig. 24, six of the dissections derived from the joint 
parallelogram HLNG have eight parts. This pair of quadrilaterals has four 
joint parallelograms. 

This type of dissection of a pair of quadrilaterals may be analysed in another 
way. Any quadrilateral has a parallelogram, of half its area, formed by joining 
the middle points of its sides ; let us call this its " core." It has also two points, 
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THE DISSECTION OF RECTILINEAL FIGURES. 111 

which I will call its " index points," which are such that radii from an index 
point to the angles of the core are parallel to the sides of the quadrilateral. 
The index points are without or within the core, according as the quadrilateral 
has or has not a re-entrant angle; the centre of the core bisects the line 
joining them. A core and one index point, given with reference to the core, 
specify a quadrilateral, subject to one further choice as to which of two 
positions with reference to the core it occupies. To dissect a given pair of 
quadrilaterals, draw their cores and index points, and select a joint parallelo- 
gram, say ABCD, Fig. 25. Then there are two attitudes which the cores can 

D A D A 

C B 

FIG. 25. 

assume, such that each core has a side in common with ABCD and is between 
the same parallels. These two attitudes will serve to determine all the dis- 
sections derivable from this joint parallelogram. They are shown in Fig. 25, 
the cores being drawn in full lines, and the joint parallelogram completed 
with dotted lines. The method may be seen by reference to Fig. 24. Here, 
as it happens, the first attitude is used for the first quadrilateral; the joint 
parallelogram is HLNG, the core of the first quadrilateral is HXAG, and the 
attitude determines a position for the second core with three angular points 
at R, N, G, then P is one of the index points of the second core; thus a dis- 
section is determined, subject to necessary provision for broken lines. The 
corresponding dissection of the second quadrilateral is similarly connected 
with the second attitude. To dissect the first quadrilateral, we may employ 
either of the two attitudes, and having chosen one of them we may place the 
first core in either of two positions with its corners at the middle points of the 
sides of the first quadrilateral, and we may then take for the point P either of 
the two index points of the second core; these three choices combined give 
eight alternative dissections of the first quadrilateral, and these are the eight 
dissections which are derived from the joint parallelogram in question. The 
point P may happen to fall outside the quadrilateral, complicating the arrange- 
ment of broken lines. The dissections involve a considerable variety of 
geometrical constructions, though they are all governed by one scheme. 

Another type, which I will call the second type, of eight-part dissection of 
a pair of quadrilaterals, is shown in Fig. 26. It depends on the construction 
of a parallelogram, of area equal to that of a quadrilateral, with a side equal 
to a diagonal of one quadrilateral and another side equal to a diagonal of the 
other; this I will call a joint parallelogram of the second type. In Fig. 26 
a pair of quadrilaterals and one of their parallelograms are placed so that the 
sides of the parallelogram produced would bisect sides of the quadrilaterals. 
A four-part dissection of one of the quadrilaterals and the parallelogram is 
made by drawing AB, CD bisecting sides of the quadrilateral, and placing 
between AB and CD a line EF equal to the selected diagonal of the other 
quadrilateral. Similarly, a four-part dissection of the other quadrilateral 
and the parallelogram is made by means of lines GH, JK, LM. So far as these 
two dissections are concerned, each of the lines EF and LM has liberty to 
take any one of a series of parallel positions; a definite position will now be 
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112 THE MATHEMATICAL GAZETTE. 

chosen for each of them as follows. The first dissection of the parallelogram 
is made by placing the core ACDB of the first quadrilateral in some such 
position as NOPQ, between parallel sides of the parallelogram, and marking 
on it an index point R. Similarly, the second dissection is made by placing 
the core of the other quadrilateral in some such position as STUV, between 
the other pair of sides of the parallelogram, and marking on it an index point. 
We can now slide these cores, each with an index point attached to it, between 
the parallel lines till the two points coincide; the two dissections then combine 
so as to give the eight-part dissection of the pair of quadrilaterals. In the 
figure the common index point, R, is an intersection of diagonals of the quadri- 
laterals. It is clear that the two auxiliary dissections of the quadrilaterals 

N A 0E X B 

O P 

FIG. 26. 

and the parallelogram always exist, though they will involve more parts and 
broken lines if any of the lines AB, CD, GH, JK have to be produced in order 
that EF and LM may be placed between them; therefore the resulting dis- 
section of the quadrilaterals must exist, though it may have broken lines and 
consequently more than eight parts. I propose, however, not to count as 
belonging to this type of dissection those dissections which are derived from 
a parallelogram with the common index point R outside it. Such a case 
cannot occur if the quadrilaterals have no re-entrant angles; so let us deal 
first with this case, in which the index points are within their respective 
cores. The condition for a dissection with only eight parts is then that the 
cores, with index points coinciding, can be placed between the sides of the 
parallelogram, so as to be wholly within it. Any pair of quadrilaterals, of 
equal area, must possess either four or six or eight joint parallelograms of 
the second type. Choose one of these parallelograms; then the cores, with 
index points coinciding, can assume two different attitudes between the 
parallel lines. Each of these attitudes gives a dissection, so there are either 
eight or twelve or sixteen dissections of the type in question, though not 
many of them can actually have only eight parts. The pair of quadrilaterals 
in Fig. 26 has sixteen dissections of the second type, of which only one has only 
eight parts; it has also one dissection of the first type with eight parts. A 
simple way of drawing pairs of quadrilaterals with at least one dissection of 
the second type with eight parts is to start with a parallelogram. The choice 
of a parallelogram involves three quantities, the choice of positions of the 
segments of its sides involves four more, and the choice of a position for R 
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THE DISSECTION OF RECTILINEAL FIGURES. 

involves two more; nine quantities altogether. This is the number of inde- 
pendent variables involved in the construction of a pair of quadrilaterals of 
equal area. 

If the quadrilaterals have re-entrant angles, causing index points to lie 
outside their cores, the common index point R may still be within the joint 
parallelogram, and in those cases we have the same dissections as before, 
and the same condition for a dissection with exactly eight parts. But the 
existence of cases in which the common index point falls outside the paral- 
lelogram makes the method which has been used for counting dissections 
no longer applicable. And it seems clear that pairs of quadrilaterals exist 
which have no dissection of the type in question, as I have defined it. 

It should be noted that a pair of pentagons, each with two sides equal and 
parallel, has, if the bases are equal, a three-part dissection, corresponding to 
the three-part dissection of a pair of triangles with a common side (see Fig. 1, 
p. 381). This can be seen by drawing a pentagon of this type, choosing any 
point within it, and joining this point to any point of the base and to the middle 
points of the sides opposite the base. We thus get three parts which can be 
rearranged to form another pentagon with the same base and area. The 
choices of points introduce three independent variables, which is the number 
involved in the construction of the pentagons. From this dissection various 
other dissections may be obtained. By one cut one of the pentagons is con- 
verted into a quadrilateral, which thus has a four-part dissection with the other 
pentagon, whose base is equal to a diagonal of the quadrilateral. The particu- 
lar case in which this second pentagon is a triangle gives Mr. Taylor's four-part 
dissection of a quadrilateral and a triangle with a side equal to a diagonal of 
the quadrilateral, which has already been mentioned. The particular case 
in which the second pentagon is a quadrilateral with two parallel but unequal 
sides gives some further results by means of a single cut through the middle 
point of its base. We may take this cut so as to make a triangle, and thus get 
a six-part dissection of a quadrilateral and a triangle with no coincidence of 
dimensions. Or we may take it so as to make a quadrilateral with two sides 
parallel, but with no coincidence of dimensions with the first quadrilateral, 
and thus get a six-part dissection of these two figures. As a particular case 
of this, we get one of the several types of six-part dissection of a quadrilateral 
and a parallelogram or square. 

The first type of eight-part dissection of a pair of quadrilaterals may be 
regarded as a particular case of an exactly similar eight-part dissection of a 
pair of pentagons, each with two sides parallel but not equal. This dissection 
is obtained by substituting for the cut XT in Fig. 24 a cut along a line through 
X intermediate between XT and XB, and for the cut YW one intermediate 
between YW and YC. This dissection of a pair of pentagons is the general 
case of the eight-part dissection in question. It leads by a fairly obvious 
procedure to a twelve-part dissection (with the usual extensions) of what 
may be called a general pair of pentagons, if we only mean by this a pair of 
pentagons with their sides unequal and none of them parallel. But it does 
not apply to all pairs of pentagons, for it is based on the construction of a 
joint parallelogram which does not always exist. Each pentagon has five 
diagonals, and it is necessary to construct a parallelogram of area equal to 
half that of a pentagon, and with one pair of sides equal to a half diagonal of 
one pentagon, and the other pair equal to a half diagonal of the other. Thus 
the area of a pentagon must not be greater than half that of the rectangle 
contained by the longest diagonal of each. For example, this dissection is 
not applicable to a pair of pentagons each of which approaches to being 
regular. 

It will be seen that all the dissections obtained so far for pairs of figures 
with no coincidence of dimensions, which appear to secure the greatest possible 
economy of parts, are either particular cases of, or are immediately derivable 
from three types of dissection, which I will call radical types. These are 
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114 THE MATHEMATICAL GAZETTE. 

the three-part dissection of a pair of parallelograms shown in Figs. 10 and 
11, p. 386; the four-part dissection of a pair of pentagons, each with two 
sides equal and parallel, shown in Fig. 19; and the second type of eight-part 
dissection of a pair of quadrilaterals shown in Fig. 26. The various develop- 
ments of these dissections afford a remarkable variety of geometrical con- 
structions, by no means fully indicated by the figures which I have given. 

Mr. H. W. Richmond kindly allows me to publish the diagram shown in 
Fig. 27, by means of which he has tabulated the dissections with four parts 
possessed by a trialngle and a square, of the first, second and third types. 
Other types of dissection may exist, but these are all that we know at 
present. The diagram is accurately drawn to scale. The length of the line 
HK can be checked by means of the fact that it is equal to its distance from 
the straight line bounding the area t, and equal to half its distance from the 
straight line bounding C, D and E. The distance of lHK from the straight 
line boundingg g is HK. All the dimensions of the diagram are multiples 
or simple fractions of HK, and all the curves are portions of eleven circles 
which touch the line HK. The diagram shews 31 areas which are denoted 
by 26 small letters and 5 capital letters. Two areas which are too small to 

H K 
FIG. 27. 

contain a letter in the figure are denoted by e and i. The shape of a triangle 
is specified by the position of its vertex in the diagram, HI being its base. 
The triangles which possess dissections with four parts are those of which 
the vertex lies in one or other of the 31 areas. The areas can be arranged 
in eight groups, such that all members of a group have the same dissections, 
because each contains all varieties of shapes of triangles belonging to the 
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group, provided that a triangle and its reflection are, for this purpose, not 
distinguished. Thus the triangles C have the same shapes as the triangles k, 
and as the triangles b; and the triangles E, c and I are the reflections of 
these. Tllree of the groups have in this way six members; but in the other 
groups some of the members combine so that the number is reduced to 
three or one. 

The following table gives for each group of areas the number of distinct 
dissections of each type, and the total. For the purpose of this counting, 
each continuous series of dissections of the first type is,reckoned as one 
dissection, not as an infinite numlber. The second type is Fig. 13, vol. vii. 
p. 387. 

Group of areas. 1st type. 2nd type. 3rd type. Total. 

CkbEcl - - 1 0 1 2 
AoaBnm - 0 1 2 3 
xqfyph - - 2 1 4 7 
Ddj - - 2 0 2 4 
zei - - - 4 0 2 6 
wrs - - 0 2 6 8 
t - - - 0 0 6 6 
gv - - 2 0 2 4 

Let us take any set of corresponding points in the areas of a group with 
six distinct members, such as CkbEcl, and denote the points by these letters. 
Then the triangles with vertices C, k, b are similar; also the triangles with 
vertices E, c, I are similar and are reflections of the other three. Thus HcC, 
lIC, Kbc, Hlk, HbE and KkE are straight lines, and the six products 
He. HC, Kl. KC etc., are each equal to HK2; so if we choose the point C, 
the other five points are determined by inversion with reference to H and K, 
and the boundaries of the five areas grouped with C are found from the 
bolndaries of the area C by the same inversions. 

For each type of dissection bounding lines can easily be drawn for a 
single dissection applicable to a limited range of triangles; and the diagram 
for this type can then be completed, partly by symmetry and partly by 
inversion, or wholly by inversion. The final diagram, Fig. 27, is then 
obtained by superposition of the diagrams for the three types. It is found 
that nearly all the liles of any one of these diagrams coincide with lines in 
one if not both of the other diagrams, so that the final diagram is simpler 
than it might be expected to be. W. H. MACAULAY. 

THE DISCOVERY OF LOGARITHMS BY NAPIER. 
BY PROF. H. S. CARSLAW. 

(Conclutded.) 
? 11. We are now in a position to understand how Napier completed his 

Tables. 
We take, to begin with, his First Table. The logarithm of the first term 

is zero. From ? 10, Theorem I., the logarithm of the second term lies between 
r -s and (r -s); that is, between 1 000000 0 and 1-000000 1. If this is 

taken as the A.M. of these two numbers, we have for the logarithm of the 
second term in that Table the value 1-000 000 05. The remaining terms in 
that Table form with these two a G.P., so that the logarithms have a common 
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r -s and (r -s); that is, between 1 000000 0 and 1-000000 1. If this is 

taken as the A.M. of these two numbers, we have for the logarithm of the 
second term in that Table the value 1-000 000 05. The remaining terms in 
that Table form with these two a G.P., so that the logarithms have a common 
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